A description is given of finite permutation groups containing a cyclic regular subgroup. It is then applied to derive a classification of arc transitive circulants, completing the work dating from 1970's. It is shown that a connected arc transitive circulant of order n is one of the following: a complete graph K n , a lexicographic product
Introduction
A finite permutation group which contains a cyclic regular subgroup is called a c-group, for convenience. Characterizing c-groups is an old topic in permutation group theory, initiated by Burnside (1900) , and studied by Schur et al., see for example [17, Chapter 4] , [5] , [7, Theorem 1 .49] and [9] . The classical result of Schur tells us that a primitive c-group is 2-transitive or has prime degree. Thus, based on the finite simple group classification, primitive c-groups are essentially known in 1980's, see [5, 7, 9] . A precise list of primitive c-groups was recently given in [8, 13] , independently. 
The main purpose of this paper is to give a description of general c-groups. To state the description, we need more notation and definitions.
For a transitive permutation group X on , an orbit of X on × is called an orbital, and the digraph with vertex set and arc set is called an orbital graph of X . (An arc of a digraph is an ordered pair of adjacent vertices.) An arc-disjoint union of orbital graphs is called a generalised orbital graph of X .
As usual, denote by K n the complete graph of order n. ByK n we mean the complement of K n , that is, the graph with the same vertex as K n and contains no edges. For a digraph with vertex set V and a digraph with vertex set W , the lexicographic product [ ] of a digraph by a digraph is the digraph with vertex set V × W such that (v 1 , w 1 ) is adjacent to (v 2 , w 2 ) if and only if either v 1 is adjacent to v 2 in , or v 1 = v 2 and w 1 is adjacent to w 2 in .
Let be a digraph with vertex set such that X ≤ Aut is transitive on . For a normal subgroup N ¡ X which is intransitive on , denote by N the set of N -orbits in . The normal quotient N of the digraph induced by N is the digraph with vertex set N such that for any B, C ∈ N , B is adjacent to C if and only if there exist u ∈ B and v ∈ C such that u is adjacent to v in .
A c-group X is called a normal c-group if it contains a normal regular cyclic group. Then by Proposition 1.1, a primitive c-group is either 2-transitive, or normal. In particular, all insoluble primitive c-groups are 2-transitive.
A description of c-groups is stated in the following theorem, which shows that either the structure of X is known, or the structure of some orbital graphs of X is known. A digraph is called a Cayley graph if there exist a group G and a subset S ⊂ G such that the vertex set of may be identified with G and u is adjacent to v if and only if vu −1 ∈ S. This digraph is denoted by Cay(G, S). A Cayley graph = Cay(G, S) has an automorphism group
consisting all right multiplications of elements of G. Thus the subgroupĜ ≤ Aut acts regularly on the vertex set of . In particular, is vertex transitive.
induces an automorphism of the Cayley graph = Cay(G, S). Moreover, it is easily shown that N Aut (Ĝ) =Ĝ:Aut(G, S), see for example [6] . A Cayley graph = Cay(G, S) is called normal ifĜ is normal in Aut , that is, Aut =Ĝ:Aut(G, S).
Let G be a cyclic group, and let = Cay(G, S). Then this Cayley graph is called a circulant. Since Aut contains the cyclic regular subgroupĜ, Aut is a c-group. If is a normal Cayley graph, that is,Ĝ is normal in Aut , then is called a normal circulant. The description of c-groups given in Theorem 1.2 can be used to study circulants. The second result of this paper is to present a classification of arc transitive circulants. (Recall that a graph is arc transitive if Aut is transitive on the arcs of .)
The problem of classifying arc transitive circulants has been investigated for a long time, dating from 1970's, and it has been solved for several special cases: A classification of 2-arc transitive circulants was obtained in [1] for the undirected case and in [16] for the directed case; while a classification of arc transitive circulants of special orders was given by a collection of articles: prime order in [2, 3] , square-free order in [15] , and odd prime-power order in [19] . 
Remarks (a) After the previous version of this paper had been submitted for publication, the author was aware of that the classification of arc transitive circulants given in Theorems 1.3 was also obtained by I. Kovács [10] , independently. Also the referees of this paper pointed out this to the author. (b) It is easily shown that a digraph is a circulant if and only if its automorphism group is a c-group. An arc transitive circulant is therefore exactly an orbital graph of a cgroup. Thus the proof of Theorem 1.3 easily follows from Theorem 1.2, and will not be presented in this paper. A proof for this classification may be found in [10] . 
Proof of Theorem 1.2
This section is devoted to proving Theorem 1.2. The proof is based on a result of Evdokimov and Ponomarenko [4] regarding the 2-closures of c-groups. We here first introduce some simple properties for the 2-closures of transitive permutation groups. Let G be a transitive permutation group on . The 2-closure of X is the largest subgroup of Sym( ) which preserves each orbital of X ; denoted by X (2) . We observe the following properties:
(i) X is 2-transitive if and only if X (2) = Sym( ); (ii) X is primitive if and only if X (2) is primitive.
Assume that X is imprimitive, and let B be an imprimitive partition of , that is, B is a non-trivial X -invariant partition of . For any block B ∈ B, denote by X B the restriction of X to B, that is,
. It is easily shown that an orbital of X containing an arc (u, v) with u, v ∈ B is also an orbital of X (2) . It follows that B is an imprimitive block for X (2) , and B is an imprimitive partition of for X (2) . Thus we have the third observation:
(iii) X and X (2) have the same imprimitive partitions of .
For the action induced on a block, we further have the following conclusion. 
.
For some c-groups, the 2-closures are known.
Example 2.2
If X is a primitive c-group of degree n, then either X (2) = S n , or n = p is a prime and X ≤ X (2) ∼ = Z p :Z l , where l is a proper divisor of p − 1.
A powerful method for studying c-groups comes from Schur ring theory, which was initiated by I. Schur and developed by H. Wielandt, see [17, Chapter 4] . A complete description of Schur rings over a cyclic group is given in [4, 11, 12] . From the description, the following result regarding c-groups may be derived. ([4, 11, 12] ) Let X be a c-group on , and let X (2) be the 2-closure of X . Then one of the following statements holds:
Theorem 2.3
, or a normal c-group of degree n i , such that (n i , n j ) = 1 and n = n 1 n 2 . . . n r ; (ii) X has a normal subgroup M such that each connected generalised orbital graph contains a subgraph which is an orbital graph of X and is of the form
The author is grateful to a referee for pointing out and formulating this theorem. The next lemma shows that if X contains an abelian regular subgroup, then each Xinvariant partition of consists of orbits of a normal subgroup. Now we are ready to prove Theorem 1.2. In the original version of this paper, a permutation group theoretical proof of Theorem 1.2 was given, which was independent of Theorem 2.3. The following proof was suggested by one of the referees. The author is grateful to him for this suggestion.
Proof of Theorem 1.2: Let X be a c-group on of degree n, and let G be a regular cyclic subgroup of X . To complete the proof of Theorem 1.2, by Theorem 2.3, we may assume that the 2-closure X (2) satisfies
where r ≥ 1, either X i ∼ = S n i , or X i is a normal c-group of degree n i , such that (n i , n j ) = 1 and n = n 1 n 2 · · · n r . If r = 1 and X 1 ∼ = S n 1 , then X (2) = X 1 ∼ = S n 1 , and hence X is a 2-transitive c-group. If all X i 's are normal c-groups, then X (2) is a normal c-group. Since now G ≤ X ≤ X (2) , it follows that X is a normal c-group.
Thus we assume that r ≥ 2, and that at least one of X i is a symmetric group, say X 1 ∼ = S n 1 , where
Then |G i | = n i , and for j = i, we have G i ∩ G j = 1. Since (n i , n j ) = 1, it follows that G = G 1 × G 2 × · · · × G r .
Let B be an orbit of X i in , and let B be the set of X i -orbits in . Then B is an X (2) -invariant partition of . It is easily shown that X i equals the kernel of X (2) acting on B. It follows that (X (2) ) B ∼ = X i . Now G i is cyclic and regular on B, and hence X i is a c-group of degree n i .
Let Y i = X ∩ X i . Since G ≤ X , we have that G i ≤ X ∩ X i = Y i . Hence Y i is a c-group on B, and B is the set of Y i -orbits in . It is easily shown that X B ∼ = Y i . If X i is a normal c-group, then it follows that Y i is also a normal c-group.
Assume that X i ∼ = S n i . Then by Lemma 2.1, we have S n i ∼ = X i ∼ = (X (2) ) B ≤ (X B ) (2) , and thus X B is 2-transitive. So Y i ∼ = X B is a 2-transitive c-group of degree n i . Therefore, each Y i is a 2-transitive c-group or a normal c-group, of degree n i , and 
